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BACKGROUND

Extremal Graph Theory

How large or small can a graph be, given that it
satisfies certain structural constraints?

= A graph is a collection of vertices and edges.

" The density of a graph is ¢/(4) where e, v are
the number of edges and vertices.

Turan Problems

How dense can a graph be, given that it satisfies
forbidden subgraph constraints?

Mixed Graphs

= Mixed graph: a graph with directed and
undirected edges.

= Mixed subgraphs: obtainable by deleting
vertices, deleting edges, and forgetting edge
directions.

Figure 1. F|, F, C G, and F| € Fb.

CLASSICAL RESULTS

Turan's Theorem & the Erd6s-Stone-Simonovits
Theorem bound the density of a graph which
does not contain some fixed subgraph.

Turan’s Theorem [6]

The maximal density of a K,-free graph is ==.
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Figure 2. Ky & T'(n, 3).

The Erdos-Stone-Simonovits Theorem [5, 4]

The Turan density of any graph F'is

1
1

X(F)—1
where x(F) is the chromatic number of F.

ABSTRACT

We investigate natural Turan problems for mixed graphs, generalizations of graphs where edges can be
either directed or undirected. We study a natural Turan density coefficient that measures how large a fraction
of directed edges an F-free mixed graph can have; we establish an analogue of the Erdos-Stone-Simonovits

theorem and give a variational characterization of the Turan density coefficient of any mixed graph, along
with an associated extremal F-free family.

This characterization enables us to highlight an important divergence between classical extremal numbers
and the Turan density coefficient. We show that Turan density coefficients can be irrational, but are always

algebraic; for every positive integer k, we construct a family of mixed graphs whose Turan density coefficient
has algebraic degree k.

MAIN RESULTS

For mixed graph G on n vertices, let o(G) and 5(G) denote the undirected and directed edge densities. Let
F be a mixed graph. The Turan density coefficient 0(F') is the maximum p such that

a(G) + pB(G) <14 o(1)
over all F-free n-vertex mixed graphs G. If 5(G) = o(1) over F-free n-vertex G, we say 0(F') = oc.

Theorem 3

The mixed graph in Figure 3 has irrational Turan
density coefficient 0(F) = 1 + .

Theorem 1
Let ' be a mixed graph. Then

" §(F) = 1iff F is uncollapsible (either two head
vertices or two tail vertices are adjacent). b

ay C1

" 0(F') = oo Iff F admits a proper 2-coloring of the
vertices with all head vertices the same color.
Otherwise 0(F') < 2.

= If I has at most one directed edge, then

O(F) =1 .
X(F) — 2 as
= Otherwise, we have that e , by
1 3
1 <O(F) <14 . o
X(F) X(£F) — 2 Figure 3. A mixed graph F with 6(F) irrational

Theorem 2

Let ' be a mixed graph with at least one directed
edge where O(F) € (1,00). There is some family By
of mixed graphs on at most v(F’) vertices, such that

O(F) = min{ min {1_YTUBY}},

Theorem 4

Let F' be a mixed graph such that 6(F') < oc. Then
0(F) is an algebraic number.

Theorem 5

For every positive integer k, there exists a finite
family of mixed graphs having Turan density
coefficient with algebraic degree k.

BEeBrp | yeAv(B)-1 yTDpy

where B is represented by (Ug, Dg), a pair of
matrices encoding the undirected and directed
edges of B, and AP~ js the simplex in RV(5).

FUTURE DIRECTIONS

= |s it possible to achieve all (or arbitrarily high) algebraic degrees with single mixed graphs £7?

= What is the set of possible values of 9(F)? (Do mixed graphs “jump”?)
= Generalize to partially-directed hypergraphs; applications to the £-SAT counting problem [1, 3].

TECHNIQUES

= Classical extremal techniques: Zykov
symmetrization, Lagrangians, Turan-like
constructions;

= Probabilistic methods: analogues of
supersaturation, blowup results;

= Combinatorial optimization: quadratic
forms, mixed adjacency matrices similar to
those in Brown, Erdos, and Simonovits [2]

APPLICATIONS

Mixed graphs are highly useful for encoding rela-
tional information:

" Theoretical computer science: extremal
problems of coloring and job scheduling;

" Neural networks: object labeling and
classification; Bayesian networks;

= Other networks: propositional logic; social
network models; voting theory.

ACKNOWLEDGEMENTS

Special thanks to:

= Nitya Mani, my research mentor;
= Professor Yufei Zhao;
= The MIT PRIMES-USA program.

REFERENCES

[1] JOzsef Balogh, Dingding Dong, Bernard Lidicky, Nitya
Mani, and Yufei Zhao, Nearly all k-SAT functions are
unate, arXiv:2209.04894, 2022.

[2] W. G. Brown, P. Erdds, and M. Simonovits, Extremal
problems for directed graphs, Journal of

Combinatorial Theory (B) 15 (1973), 77-93.

[3] Dingding Dong, Nitya Mani, and Yufei Zhao,
Enumerating k-SAT functions, arXiv:2107.09233, 2021.

[4] P. ErdGs and M. Simonovits, A limit theorem in graph
theory, Studia Scientiarum Mathematicarum
Hungarica (1966), no. 1, 51-57.

[5] P. ErdGs and A.H. Stone, On the structure of linear
graphs, Bulletin of the American Mathematical
Society 52 (1946), 1087-1091.

[6] P. Turan, On an extremal problem in graph theory (in
Hungarian), Kozépiskolai Matematikai és Fizikai
Lapok 48 (1941), 436-452.



https://arxiv.org/abs/2210.12888

